Chapter 7
Using Binary Integer Programming to
Deal with Yes-or-No Decisions 
Solution to Solved Problems

7.S1
Capital Budgeting with Contingency Constraints

A company is planning its capital budget over the next several years. There are eight potential projects under consideration. A calculation has been made of the expected net present value of each project, along with the cash outflow that would be required over the next four years. These data, along with the cash that is available each year, are shown in the table below. There also are the following contingency constraints: (a) at least one of project 1, 2, or 3 must be done,(b) project 6 and 7 cannot both be done, and (c) project 5 can only be done if project 6 is done. Formulate and solve a BIP model in a spreadsheet to determine which projects should be pursued to maximize the total expected net present value.

	
	Cash Outflow Required ($million)
	Cash

	
	Project
	Available

	
	1
	2
	3
	4
	5
	6
	7
	8
	($million)

	Year 1
	1
	3
	0
	3
	3
	7
	2
	5
	20

	Year 2
	2
	2
	2
	2
	2
	3
	3
	4
	20

	Year 3
	2
	3
	4
	2
	3
	3
	6
	2
	20

	Year 4
	2
	1
	0
	5
	4
	2
	1
	2
	20

	NPV

($mil)
	10
	12
	11
	15
	24
	17
	16
	18
	


This is a resource-allocation problem. The activities are the various projects and the limited resources are the available cash in each year. We will therefore build a spreadsheet following the template for resource-allocation problems in Figure 3.4. Start by entering the data. The data for this problem are the NPV for each project, the cash outflow for the projects, and the cash available each year. Following the template, the data in the spreadsheet would be entered as displayed below, where range names of NPV (C5:J5) and TotalAvailable (M8:M11) are assigned to the corresponding data cells.
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The decisions to be made in this problem are whether or not to do each project. Thus, a binary variable is defined for each project in the changing cells Undertake? (C15:J15). The values in Undertake? (C15:J15) will eventually be determined by the Solver. For now, arbitrary values are entered.
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The goal is to maximize the total expected NPV. Thus, the target cell should calculate the total NPV. In this case, the total NPV will be

Total NPV = SUMPRODUCT(NPV, Undertake?).

This formula is entered into TotalNPV (M15).
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The functional constraints in this problem take into account the limited resources of the cash available each year. Given Undertake? (the changing cells in C15:J15), we calculate the total outflow in (K8:K11). For year 1, this will be =SUMPRODUCT(C8:J8, Undertake?). Using a range name or an absolute reference for Undertake?, this formula can be copied into cells K9:K11 to calculate the total outflow in years 2, 3, and 4. The TotalOutflow (K8:K11) must be <= TotalAvailable (M8:M11), as indicated by the <= in L8:L11.

Furthermore, there are three contingency constraints.

a)
At least one of projects 1, 2, or 3 must be done. Therefore, we add the changing cells for projects 1, 2, and 3 in C18 and constrain C18 >= 1.

b)
Project 6 and 7 cannot both be done. Therefore, we add the changing cells for projects 6 and 7 in C19 and constrain C19 <= 1.

c)
Project 5 can only be done if project 6 is done. Therefore we constrain the changing cell for Project 5 to be <= the changing cell for Project 6 in C20:E20.
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The Solver information and solved spreadsheet are shown below.
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Thus, they should undertake projects 1, 3, 4, 5, 6, and 8 to obtain a total expected NPV of $95 million.

7.S2
Locating Search and Rescue Teams

The Washington State legislature is trying to decide on locations at which to base search-and-rescue teams. The teams are expensive, so the legislature would like as few as possible while still providing the desired level of service. In particular, since response time is critical, the legislature would like every county to either have a team located in that county or in an adjacent county. Formulate and solve a BIP model in a spreadsheet to determine where the teams should be located.
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This is a set covering problem. The decisions to be made are whether to locate a team in each county. The requirement for each county is that there be a team nearby, where nearby is defined as in that county or an adjacent county. The data for this problem are the coverage data. In particular, in the row representing each county, there is a 1 in every column that would satisfy the coverage of the row’s county if there were a team there. For example, Clallum county would be covered if there is a team in either Clallum or Jefferson county. 

[image: image15.wmf]
The decisions to be made in this problem are whether or not to place a team in each county. Thus, a binary variable is defined for each county in the changing cells Team? (D44:AN44). The values in Team? (D44:AN44) will eventually be determined by the Solver. For now, arbitrary values are entered.

The goal is to minimize the total number of teams. Thus, the target cell should calculate this total: 

Total Teams = SUM(Teams?). 
This formula is entered into TotalTeams (AQ44).
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The functional constraints in this problem are that each county must have at least one team nearby. Given Teams? (D44:AN44), we calculate the number of teams nearby in TeamsNearby(AO5:AO41). For Clallum county, this will be =SUMPRODUCT(D5:AN5, Team?). Using a range name or an absolute reference for Team?, this formula can be copied into cells AO6:AO41 to calculate the number of teams nearby for the other counties. The TeamsNearby (AO5:AO41) must be >= 1, as indicated by the >= in AP5:AP41.
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The Solver information and solved spreadsheet are shown below.
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Thus, they should locate a team in Jefferson, King, Lewis, Clark, Okanagan, Blanton, Spokane, and Whitman counties, for a total of 8 teams. (There are multiple optimal solutions for this problem.)

7.S3
Warehouse Site Selection

Consider a small company that produces a single product in two plants and serves customers in five different regions. The company has been using a make-to-order policy of producing the product only in the quantities needed to fill the orders that have come in from the various regions. However, because of the problems caused by the sporadic production schedule, management has decided to smooth out the production rate and ship the product to one or more storage warehouses, which then will use inventory to fill the incoming regional orders. Management now needs to decide where to locate the company’s new warehouse(s). There are three locations under consideration. For each location, there is a fixed monthly cost associated with leasing and operating the warehouse there. Furthermore, each potential warehouse location has a maximum capacity for monthly shipments restricted primarily by the number of trucking docks at the site. The product costs $400 to produce at plant 1 and $300 to produce at plant 2. The shipping cost from each plant to each potential warehouse location is shown in the first table below. The fixed leasing and operating cost (if open), the shipping costs, and the capacity (maximum monthly shipments) of each potential warehouse location are shown in the second table below. The monthly demand in each of the customer regions is expected to be 200, 225, 100, 150, and 175 units, respectively. Formulate and solve a BIP model in a spreadsheet to determine which warehouse(s) should be used and how the product should be distributed from plant to warehouse(s) to customer.

	
	Shipping Cost (per unit)
	Capacity

	
	WH #1
	WH #2
	WH #3
	(units/month)

	Plant 1
	$25
	$50
	$75
	500

	Plant 2
	$50
	$75
	$25
	400


Shipping Costs and Capacity of the Plants

	
	Fixed Cost
	Shipping Cost (per unit)
	Capacity

	
	(per month)
	Region 1
	Region 2
	Region 3
	Region 4
	Region 5
	(units/mo.)

	WH#1
	$50,000
	$30
	$70
	$75
	$55
	$40
	700

	WH#2
	$30,000
	$55
	$30
	$45
	$45
	$70
	500

	WH#3
	$70,000
	$70
	$30
	$50
	$60
	$55
	1000


Fixed Cost, Shipping Costs, and Capacity of the Warehouses

Basically this problem is two linked transportation problems: (1) How much to ship from each plant to each warehouse, and (2) how much to ship from each warehouse to each region.

The first transportation problem is set up as follows. The decisions are how much to ship from each plant to each warehouse: PtoWShipments (D11:F12). The production cost and shipping cost are combined in PtoWCost (D6:F7). The PlantTotalShipped (G11:G12) must be <= PlantCapacity (I11:I12). The PtoWShipments (D11:F12) values will eventually be determined by the Solver. For now, arbitrary values are entered.
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The second transportation problem is set up as follows. The decisions are how much to ship from each warehouse to each region: WtoRShipments (D24:H26). The shipping costs are entered in WtoRCost (D18:H20). The total ShippedOut (I24:I26) must be <= ShippedIn (K24:K26), which are a function of the amounts shipped to the warehouses in the first transportation problem. Furtheremore, the amount ShippedIn (K24:K26) must be <= the capacity of the warehouse. The capacity of the warehouse will be Capacity(L18:L20) if that warehouse is open. Binary decision variables, Open? (N24:N26) are defined to make the yes-or-no decision of whether or not to open that warehouse. The actual capacity will then equal the capacity multiplied by the corresponding binary variable. For example, for warehouse 1, Actual Capacity = M24*N24. The WtoRShipments (D24:H26) values and Open? (N24:N26) will eventually be determined by the Solver. For now, arbitrary values are entered.
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The goal is to minimize the total cost. This includes the shipping cost from plant to warehouse, shipping cost from warehouse to region, and the fixed cost of operating the open warehouses. These are calculated as follows.

Shipping Cost (Plants ( Warehouses) = SUMPRODUCT(PtoWCost, PtoWShipments)

Shipping Cost (Warehouses ( Regions) = SUMPRODUCT(WtoRCost, WtoRShipments)

Fixed Cost of Warehouses = SUMPRODUCT(FixedCost, Open?)

These values are calculated in N9:N11, and summed to calculate TotalCost (N12).

The Solver information and solved spreadsheet are shown below.
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Thus, they should use warehouse 1 and 2, and ship product as indicated in PtoWShipments (D11:F12) and WtoRShipments (D24:H26), at a total cost of $451,875.
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